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Abstract
Commutation of the topologizer with products, quotientness of product maps, preservation of some
properties by products, topologicity of continuous convergence, continuity of complete lattices are
facets of the same quest. A new method of multifilters is used to establish (in terms of core-contour-
compactness) sufficient and necessary conditions for these properties in the framework of general
convergences. The relativized Antoine reflector plays here an important role. Several classical results
(of Whitehead, Michael, Boehme, Cohen, Day and Kelly, Hofmann and Lawson, Schwarz and Weck,
Kent and Richardson, and others) are extended or refined. Ó 2000 Elsevier Science B.V. All rights
reserved.
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Introduction
The classical theorem of Whitehead [17, Theorem 3.3.17] says that the product of the
identity map on a Hausdorff locally compact topological space with a quotient map is
quotient. Together with the converse theorem due to Michael [26, Theorem 2.1] it yields
the following characterization of local compactness under the provision of regularity.
Theorem 0.1 (Whitehead–Michael). A regular (Hausdorff) topology is locally compact
if and only if the product of its identity map with every quotient map (between Hausdorff
topologies) is quotient.
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In [26, Theorem 4.1] Michael characterized local countable compactness (for regular
topologies) in similar terms.
Theorem 0.2 (Michael). A regular (Hausdorff) topology is locally countably compact if
and only the product of its identity with every quotient map from a sequential topology is
quotient.
Actually, Theorem 0.1 can be generalized from identity maps to biquotient maps.
Michael proved in [25, Theorem 1.4] the following
Theorem 0.3 (Michael). The product of a continuous map f (onto a Hausdorff regular
topological space) with every quotient map is quotient if and only f is biquotient with
locally compact range.
Similarly, Theorem 0.2 can be generalized from identity maps to Aω-quotient maps
(an intermediate class between those of biquotient and countably biquotient maps). As a
corollary of Theorem 11.8 (compare [25, Theorem 1.4] of Michael), we get
Theorem 0.4. The product of a continuous map f (onto a Hausdorff regular topological
space) with every quotient map with sequential domain is quotient if and only if f is Aω-
quotient with locally countably compact range.
Theorems 0.1 and 0.2 characterize some properties of regular topologies (local
compactness, local countable compactness), while Theorems 0.3 and 0.4 generalize them
to characterizations of some properties of maps. All these characterizations are formulated
in terms of quotientness of product maps.
The investigations of this paper can be seen as extensions (to general convergences)
of the four theorems above. One direction constitutes a common generalization of
Theorems 0.1 and 0.2, the other extends Theorem 0.3. A combination of both the directions
is an extension of Theorem 0.4.
Theorem 0.1 was extended to arbitrary topologies, and many other properties were
shown to be equivalent: core-compactness, quotientness of the product of the identity
with quotient maps, commutativity of the topologizer with some products, topologicity of
continuous convergences, topologicity of the upper Kuratowski convergence, continuity of
the complete lattice of open sets (Day and Kelly [6], Hofmann and Lawson [19], Schwarz
[30,31], Schwarz and Weck [32]).
Although some of the results mentioned above characterize properties of topologies
(and sometimes have purely topological formulations), it was the framework of general
convergences that made way for them.
In this paper we show how various coreflections of the upper Kuratowski convergence
relativize the properties listed above. If the coreflector is the identity, then we get an
extension to convergences of the circle of Theorem 0.1.
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If the coreflector is the first-countable modifier, then the avatars of all the above-
mentioned properties constitute the circle of Theorem 0.2; the corresponding results seem
to be entirely new.
The continuous convergence of a convergence ξ (with respect to the Sierpin´ski topology)
gives rise to the Antoine modification of ξ . The corresponding reflector plays an essential
role in this quest. In particular, we recover Theorem 0.3, because Antoine quotient maps
coincide with biquotient maps in the case of Hausdorff convergences.
Finally, simultaneous use of biduality and coreflectors leads us to relativized Antoine
modifiers and to generalizations of Theorem 0.4.
1. Account and perspective
This section briefly outlines connections among properties discussed in this paper. The
definitions related to convergences can be found in Section 2, and those more specifically
related to multifilters and contours in Section 8. All the reflectors and coreflectors (in the
category of convergences) considered in this paper are concrete.
1.1. Core-compactness
A topology is called core-compact [19] if for every point x and every neighborhoodV of
x , there is a neighborhoodW of x which is relatively compact in V . A (Hausdorff) regular
topology is core-compact if and only if it is locally compact. Relativization to a class
J of filters gives rise to the notion of core-J-compactness (for instance, countable core-
compactness in the case where J= First, the class of countably based filters). The notion
of core-contour(J)-compactness stems from the use of J-multifilters and their contours
that are designed to characterize the topologization of J-based convergences.
1.2. Quotientness of products of the identity map with quotient maps
A synthesis of [6, Theorem 3] of Day and Kelly and of [19, Proposition 4.2] of Hofmann
and Lawson implies the equivalence of core-compactness of a topological space, and
of quotientness of the product of its identity with every quotient map. The above-cited
theorem is a special case of our results; another special case is that a topology is core-
contour(First)-compact if and only if the product of its identity map with every quotient
map from a sequential topology, is quotient.
1.3. Near commutativity of the topologizer with product
For every convergence ξ , there exists T ξ , the finest among the topologies that are coarser
than ξ . The topologizer T is a reflector. As the convergence product of topologies is a
topology,
T (ξ × τ ) > T ξ × T τ for each ξ and τ.
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Kent and Richardson proved [22, Proposition 2.3] that if ξ is a Hausdorff locally compact
convergence, then
ξ × T τ > T (ξ × τ ), (1.1)
for every convergence τ . It follows from Theorem 9.1 that if ξ is core-contour(J)-compact,
then (1.1) holds for every convergence τ > TBaseJτ , where BaseJτ is the J-based
modification of τ ; T -core-contour(J)-compactness is a necessary condition (Theorem 9.6)
so that we have a characterization if ξ is a topology. If J = First, the class of countably
based filters, then τ > TBaseJτ characterizes sequential convergences.
Following Kent and Richardson we say that ξ and τ are T -coherent (topologically
coherent) if T ξ × T τ > T (ξ × τ ) holds. A convergence is said to be T -coherent if it
is T -coherent with all the convergences.
Recall [8] that a continuous map f :ϑ→σ is quotient (in the category of topologies) if
and only if σ > T (fϑ), where fϑ is the finest convergence on the range for which f is
continuous (of course, in general f ϑ is not a topology). Therefore, if (1.1) holds for every
convergence τ , then it does in particular for every convergence of the type τ = fϑ , hence
Idξ ×f is quotient for every quotient map f . Conversely, if f is the identity from τ to T τ ,
the quotientness of the product map amounts to (1.1).
1.4. Continuous convergences
The continuous convergence σ [ξ ] of ξ (with respect to a coupling topology σ ) is the
coarsest convergence τ on the set of continuous maps from ξ to σ for which the evaluation
map w : ξ × τ→σ is continuous, that is, whenever
ξ × τ >w−σ, (1.2)
where w−σ is the initial topology of σ with respect to the evaluation map w. If (1.1)
holds for every convergence τ > TBaseJτ , then it does in particular for all continuous
convergences τ = BaseJ(σ [ξ ]). Therefore
ξ × TBaseJ
(
σ [ξ ])> T (ξ ×BaseJ(σ [ξ ]))>w−σ. (1.3)
Hence by (1.2), TBaseJ(σ [ξ ])> σ [ξ ]. In a special case where J is the class of all filters,
BaseJ is the identity, thus it follows that σ [ξ ] is a topology.
1.5. Upper Kuratowski convergence
In the particular case where the coupling topology is the Sierpin´ski topology $ on {0,1}
(the $-open sets are ∅, {1} and {0,1}), then the continuous convergence $[ξ ] is the upper
Kuratowski convergence on the set of ξ -closed sets. The continuous functions for the
Sierpin´ski topology are precisely the characteristic functions of closed sets. Of course, if
(1.3) holds for every continuous convergence σ [ξ ], then it holds for the upper Kuratowski
convergence $[ξ ]. Moreover, if ξ is a topology, then the converse holds, too [28].
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Schwarz proved in [30] that if ξ and $[ξ ] are topologies, then ξ is core-compact. It
follows from our results that a topology ξ is core-contour(J)-compact if and only if
TBaseJ
($[ξ ])> $[ξ ]
(if J is the class of all filters, then we recover the above-cited theorem of Schwarz). In
this paper we characterize vicinity filters 1 for BaseJ($[ξ ]) in terms of ξ -J-compactoid
families of ξ -open sets; this yields a characterization of BaseJ($[ξ ])-open sets; we recover
[14, Theorem 3.1] (for the class J of all filters), [1, Theorem 2.1] of Alleche and Calbrix
(for class J of countably based filters). Let us mention that by Theorem 5.6, if ξ is a
topology and $[ξ ] is a pretopology, then $[ξ ] is a topology.
1.6. Scott convergence
If the coupling topology is the dual of the Sierpin´ski topology (∅, {0} and {0,1} are
the open sets), then the corresponding continuous convergence is what we call the Scott
convergence on the complete lattice of ξ -open sets. It is clear that the Scott convergence
and the upper Kuratowski convergence are homeomorphic (see [14]). In [33] by Scott and
in subsequent papers of numerous authors, the Scott convergence is studied in the case
where the underlying convergence ξ is a topology.
In view of our characterizations of vicinities of BaseJ($[ξ ]), the pretopologicity of
BaseJ($[ξ ]) amounts to a condition that in the particular case of J, the class of all filters,
and that of the topologicity of ξ , becomes [6, Condition C] that Day and Kelly show to be
tantamount to the quotientness of Idξ ×f for every quotient map f . [19, Proposition 4.2]
of Hofmann and Lawson establishes a series of properties (some of which we have already
evoked) that are equivalent to core-compactness. The continuity of the lattice of ξ -open sets
(that is, the topologicity of the Scott convergence) is another such a property. Therefore,
the results mentioned in Section 1.5 generalize this result of Hofmann and Lawson.
1.7. Relativized Antoine modifier
The coarsest convergence ϑ such that
ϑ × BaseJ
($[ξ ])>w−σ
is the J-Antoine modification AJξ of ξ . The corresponding AJ-quotient maps, interme-
diate between biquotient maps and quotient maps, play an essential role in our quest with
respect to generalizations from characterizations of convergences (like in Theorems 0.1
and 0.2) to characterizations of maps (as in Theorems 0.3 and 0.4).
2. Some basic facts about convergences
Recall that a convergence ξ on a set X is a relation between X and the set of filters on X
x ∈ limξ F
1 Usually called neighborhood filters.
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that is isotone (limξ F ⊂ limξ G if F 6 G), and such that limξ F ∩ limξ G ⊂ limξ (F ∧ G),
and x ∈ limξ (x) for each x ∈ X, where (x) denotes the principal ultrafilter generated by
x . We denote by |ξ | the underlying set of a convergence ξ . A convergence ξ is finer than
a convergence ϑ (ξ > ϑ) whenever limξ F ⊂ limϑ F for every filter F . A map f : ξ→τ
is continuous if f (limξ F) ⊂ limτ f (F); this implies the definitions of initial and final
convergences, hence of product, sum, subspace and so on. Throughout this paper, we use
f− as an abbreviation of the inverse relation f−1 of f . If f : ξ → τ then f−τ denotes
the initial convergence with respect to f and τ . On the other hand, f ξ denotes the final
convergence with respect to f and ξ .
The adherence of a filter F is the union of the limits of all filters that are finer than F :
adhξ F =
⋃
G>F
limξ G.
The adherence adhξ A of a subset A of X is the adherence of the principal filter of A.
A set V is a ξ -vicinity of x whenever x /∈ adhξ V c. We denote Vξ (x) the set of all the
vicinities of x . We depart here from the usual terminology of convergence theory, where
the adherence is called the “closure” and a vicinity is called a “neighborhood”. We reserve
the latter terms for analogous notions related to those of closed and open sets. A subset A
of X is ξ -closed whenever for every filter F with A ∈F , one has limξ F ⊂ A. A set is ξ -
open if its complement is ξ -closed. The closure clξ A is the least closed set that includesA.
A set V is a neighborhood of x if and only if x /∈ clξ V c. The set of all the neighborhoods
is denoted by Nξ (x).
2.1. Reflectors
A convergence ξ is a topology if x ∈ limξ F amounts to F >Nξ (x); a pretopology if
x ∈ limξ F amounts to F > Vξ (x); a pseudotopology if and only if
limξ F =
⋂
U∈β(F)
limξ U,
where β(F) denotes the set of all the ultrafilters finer than F .
All these classes are closed for arbitrary suprema in the complete lattice of convergences.
Moreover, the initial convergence of a topology (respectively, pretopology, pseudotopol-
ogy) is a topology (respectively, pretopology, pseudotopology). In terms of the category
theory, the above classes (together with continuous maps) are concretely reflective subcat-
egories of the category of convergences. The reflector J that associates to every conver-
gence ξ the finest convergence from such a class is isotone, contractive and idempotent.
Moreover for each continuous map f : ξ→ τ ,
f (J ξ)> J (f ξ) (2.1)
what amounts to Jf−(τ ) > f−(J τ). The maps in the category of convergences have
the above properties if and only if they are (concrete 2 ) reflectors (Jf corresponding
2 Recall that we consider only concrete reflectors and coreflectors, also called bireflectors and bicoreflectors.
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to the morphism defined by the map f ). In the case of topologies, pretopologies and
pseudotopologies, the reflectors are denoted by T ,P and S, respectively, and are called
the topologizer, pretopologizer and pseudotopologizer.
Two families of subsets A and B mesh (A#B) if A ∩ B 6= ∅ for each A ∈A and each
B ∈ B. For every convergence ξ on X, let J(ξ) be a family of filters on X possibly
depending on the convergence. The elements of J(ξ) are called J-filters. A class J of
filters is said to be composable if it contains principal filters and ifHG, the filter generated
by {HG: H ∈H, G ∈ G}, 3 is a (possibly degenerate) J-filter on Y whenever H is a J-
filter on X× Y and G a J-filter on X. In particular, if J is composable and if F and G are
J-filters such that F#G then F ∨G is a J-filter. For example, the classes of principal filters
and of countably based filters are composable, while that of sequential filters is not.
The map AdhJ given by
limAdhJξ F =
⋂
J(ξ)3H#F
adhξ H (2.2)
is a reflector provided that J(AdhJ ξ) = J(ξ) and J(ξ) ⊂ J(ϑ) whenever ξ 6 ϑ and that
f−(H) ∈ J(ξ) whenever f : ξ→ τ is continuous and H ∈ J(τ ). If J is the class of all
filters, then AdhJ = S; the class of principal filters, then AdhJ = P ; the class of principal
filters of ξ -closed sets, then AdhJ = T . If we take J to be the class of countably based
filters, then (2.2) defines the paratopologizer Pωξ of ξ [8].
Consider the sequence of iterates of the adherence defined by adh0ξ A= A and for each
ordinal number α > 0, by
adhαξ A= adhξ
( ⋃
β<α
adhβξ A
)
.
The least ordinal t (ξ) for which adhαξ = adhα+1ξ is called the topological defect of ξ and
adht (ξ )ξ = clξ . The pretopology defined by the adherence operator (of sets) adhαξ is denoted
by (P ξ)α . See [10] for details.
A convergence ξ is said to be T -regular (topologically regular) if limξ F ⊂ limξ Fclξ for
every filter F , where Fclξ is the filter generated by {clξ F : F ∈ F}. Analogously, for any
operator o, we denote by Ao the family {oA: A ∈ A}. The subcategory of topologically
regular convergences is reflective.
2.2. Compactness
A set A is ξ -J-compactoid in a set B if the ξ -adherence of each J-filter meshing A
intersects B . A set K is said to be ξ -J-compact if it is ξ -J-compactoid in itself. For
example, ξ -J-compactness in the case of J, the class of all filters, is the classical ξ -
compactness, and for J, the class of countably based filters, ξ -J-compactness amounts
to countable ξ -compactness.
3 HG= {y: ∃x∈G(x,y) ∈H }.
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More generally, a family A is ξ -J-compactoid in a family B if B#(adhξ H) for each
J-filter H such that H#A. A family is called ξ -J-compact whenever it is ξ -J-compactoid
in itself [13,7].
A convergence ϑ is said to be locally ξ -J-compact if each ϑ-convergent filter contains
a ξ -J-compact set, and locally hereditarily ξ -J-compact if whenever x ∈ limϑ F , there
exists a filter G 6F based in ξ -J-compact sets and such that x ∈ limϑ G.
A convergence ϑ is core-ξ -J-compact if whenever x ∈ limϑ F , there exists a filter G 6
F with x ∈ limϑ G such that for each G ∈ G, there exists H ∈ G which is ξ -J-compactoid
in G.
A convergence ϑ is T -core-ξ -J-compact if whenever x ∈ limϑ F , for each open
neighborhood V ∈Nξ (x), there exists F ∈F which is ξ -J-compactoid in V .
2.3. Coreflectors
The classes of convergences closed for arbitrary infima and for final convergences are
concrete coreflective subcategories (of the category of convergences). The corresponding
coreflector E is isotone, expansive and idempotent. Moreover
f (Eξ)>E(f ξ), (2.3)
for each map f : ξ→τ . The latter amounts to E(f−τ ) > f−(Eτ). The concrete
coreflectors in the category of convergences (assigning to a morphism the corresponding
map) are characterized by the above properties.
For example, the compact localizer K , the hereditarily compact localizer Kh, the
core-compact modifier Kcore, and the first-countable modifier First are coreflectors;
moreover, they commute with finite products. It easy to see that the classes of core-J-
compact convergences and of locally hereditarily J-compact convergences are coreflective
subcategories of convergences.
Let J(·) denote a map assigning to each convergence ξ a family of filters on |ξ |.
A convergence is J(·)-founded (respectively J(·)-based) if whenever x ∈ limξ F there
exists G ∈ J(ξ) with G 6F (respectively G 6F and x ∈ limξ G).
We denote BaseJ the coreflector on J(·)-based convergences. We have already
associated with J(·) a map AdhJ that is, a reflector under some assumptions on J(·).
BaseJ and AdhJ will play dual roles in our considerations. Observe that for the class J
of countably based filters, BaseJ = First, the first-countable modifier, while AdhJ = Pω is
the paratopologizer.
3. Commutativity of reflectors with products
It is known [8] that almost open, biquotient, countably biquotient, hereditarily quotient
and quotient maps f : ξ→ τ can be characterized as continuous surjections that fulfill
τ > J (f ξ), (3.1)
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where J is respectively the identity, pseudotopologizer, paratopologizer, pretopologizer
and topologizer. A map f that fulfills (3.1) is called a J -map. If moreover f is continuous,
then it is called J -quotient. If ξ = J ξ we call ξ a J -convergence. A map is a J -quotient
map onto a J -convergence if and only if
τ = J (f ξ). (3.2)
We have already said that the T -quotientness of product maps is intimately related to the
commutativity of the topologizer T with products. More generally, consider the following
commutation formula
Lξ × J τ >M(ξ × τ ), (3.3)
where J , L andM are reflectors. Since f ξ ×gτ = (f ×g)(ξ × τ ), it follows immediately
from (3.2) that
Theorem 3.1. If f : ξ0→ ξ1 is an L-quotient map onto an L-convergence and g : τ0→ τ1
is a J -quotient map onto a J -convergence, then f × g is M-quotient if and only if (3.3)
holds for ξ = f ξ0 and τ = gτ0. 4
On the other hand, it is known [11,12,8] that numerous classes of convergences (and in
particular of topologies) τ can be characterized by the inequalities of the type
τ > JEτ, (3.4)
where J is a reflector and E is a coreflector. A convergence fulfilling (3.4) is called a
JE-convergence. For example, if E = First, then, by choosing J to be respectively the
topologizer, pretopologizer, paratopologizer, pseudotopologizer and identity, (3.4) charac-
terizes sequential, Fréchet, strongly Fréchet, bisequential and first-countable convergences;
if E =K , the compact localizer, then (3.4) characterizes k, k′, strongly k′, locally compact
and, once again locally compact convergences, respectively. It is why the following conse-
quence of Theorem 3.1 will be instrumental in the study of the quotientness of products.
Theorem 3.2. Let E be a coreflector, let f : ξ0→ ξ1 be an L-quotient map onto an L-
convergence. Then the following are equivalent:
(1) f ×g isM-quotient for each J -quotient map g : τ0→ τ1 between convergences such
that gτ0 is a JE-convergence.
4 More generally, it is straightforward that if (ξi )i∈I is a family of convergences on (Xi )i∈I , respectively and
fi :Xi → Yi for each i ∈ I , then∏
i∈I
(fiξi )=
(∏
i∈I
fi
)(∏
i∈I
ξi
)
.
Therefore the product of Ji -quotient maps fi : ξi → τi onto Ji -convergences is J -quotient if and only if∏
i∈I
Jiϑi > J
(∏
i∈I
ϑi
)
holds for ϑi = fiξi .
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(2) f × g is M-quotient for each J -quotient map g : τ0→ τ1 between topologies such
that gτ0 is a JE-convergence.
(3) (3.3) holds for ξ = f ξ0 and for each
Proof. (2) implies (3), because for each convergence τ , there exists a topology τ0 such
that τ = gτ0, and a family (τi)i of atomic topologies such that J τ =∧i τi . For each i , the
map g is J -quotient from τ0 to τi , since τi > J (gτ0). By (2), ξ1 × τi >M(f ξ0× gτ0), for
each i , so that ξ1 ×∧i τi >M(f ξ0 × gτ0). Thus, ξ1 × J τ >M(f ξ0 × gτ0). To see that
(3) implies (1), let f : ξ0→ ξ1 = L(f ξ0) and g : τ0→τ1 > J (gτ0). Since gτ0 > JE(gτ0),
we have
ξ1 × τ1 > L(f ξ0)× J (gτ0)>M(f ξ0 × gτ0)=M(f × g)(ξ0 × τ0).
Consequently, f × g is M-quotient. 2
In particular, gτ0 > JE(gτ0) if τ0 > JEτ0. On the other hand, if for every JE-
convergence τ1 there exists an E-topology τ0 and a J -map g : τ0→ τ1, then the
propositions of Theorem 3.2 amount to the M-quotientness of f × g for each J -quotient
map g from a topology τ0 = Eτ0. This holds for instance if J is any of the reflectors
T , P, Pω, S and E is any of the coreflectors First, K,FirstK (see [8] for details).
The following [8, Theorem 4.2] gathers many classical preservation results and will be
useful in the sequel.
Theorem 3.3. If J is a reflector and E a coreflector, then each J -image of a JE-
convergence is a JE-convergence.
Numerous authors studied the preservation by products of the properties of type (3.4).
Once again, the problem can be reduced to that of the commutation of reflectors with
products.
Theorem 3.4. Let E be a coreflector which commutes with finite products. If ξ0 is an LE-
convergence and τ0 is a JE-convergence, then ξ0 × τ0 is an ME-convergence if and only
if (3.3) holds for ξ =Eξ0 and τ =Eτ0.
Many coreflectors, like first-countable modifier, compact localizer, core-compact modi-
fier, compact hereditary localizer or point-countable-type modifier can be used in our con-
siderations. In this way, a great collection of problems can be handled simultaneously.
4. Continuous convergences
The continuous convergence σ [ξ ] (of ξ with respect to a coupling convergence σ ) is
the coarsest convergence for which the evaluation mappingw : ξ ×σ [ξ ]→σ is continuous
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(see Section 1.4). The pertinence of the theory of continuous convergences consists in the
fact that if (1.1):
ξ × T τ > T (ξ × τ )
holds for every convergence τ , then, in particular, it does for all continuous convergences
τ = σ [ξ ], and if moreover the coupling convergence σ is a topology, then σ [ξ ] is a
topology, too. More generally,
Theorem 4.1 [28, Theorem 3.1]. Let L,J be two reflectors, and let E be a coreflector.
Then LE(σ [ξ ]) > σ [ξ ] for every J -convergence σ if and only if
ξ ×Lτ > J (ξ × τ ), (4.1)
for every convergence τ =Eτ .
In the particular case, where J is the topologizer T , we get
Corollary 4.2 [28]. Let E be a coreflector and let L be a reflector. The following are
equivalent:
(1) For each convergence τ > LEτ , (1.1) holds:
ξ ×Lτ > T (ξ × τ );
(2) LE(σ [ξ ])> σ [ξ ] for each topology σ ;
(3) LE($[ξ ])> $[ξ ].
5. Upper Kuratowski convergence
Most frequently considered coupling convergences are the natural topology of the real
line (the case thoroughly investigated in [4]), and the Sierpin´ski topology $. In the latter
case the continuous convergence $[ξ ] is the upper Kuratowski convergence on the ξ -closed
sets [14].
The upper Kuratowski convergence plays a particularly important role in our quest. As
mentioned in Section 1.6, the Scott convergence is homeomorphic to the upper Kuratowski
convergence. If ξ is a topology, the latter amounts to the lower convergence in the complete
lattice of open sets.
Given a filter H on 2X , we denote by |H| the (possibly degenerate) projected filter of
H, that is,
|H| =
{ ⋃
A∈H
A: H ∈H
}
.
It follows from the definition that a filter H converges to A0 for $[ξ ] (in symbols,
A0 ∈ lim$[ξ ]H) if and only if
adhξ |H| ⊂A0, (5.1)
equivalently, if and only if
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Condition 5.1. For each filter F for which limξ F\A0 6= ∅, there exists H ∈H such that⋂
A∈H Ac ∈F .
A class J of filters is compatible if |G| is a J-filter on |ξ | whenever G is a J-filter on
|$[ξ ]|, and if the filter generated by {C = clξ : C ⊂H }H∈H is a J-filter on $[ξ ] whenever
H is a J-filter on |ξ |. The classes of principal filters, of countably based filters and of all
filters are compatible.
We can describe the vicinity filters and the neighborhood filters of the coreflection
E($[ξ ]) of the upper Kuratowski convergence $[ξ ] in the case where E = BaseJ for a
compatible class of filters J. If ξ is a topology, then we get characterizations of some basic
vicinities in terms of ξ -J-compactoid families; consequently BaseJ($[ξ ])-open sets are
characterized in terms of ξ -J-compact families.
Theorem 5.2. Let J be a compatible class of filters. If A=Oξ (A) is ξ -J-compactoid in
A0 ∈ A, then Ac is a vicinity of Ac0 for BaseJ($[ξ ]). Let moreover ξ be a topology. If
B ∈ VBaseJ([ξ ])(B0), then Bc is ξ -J-compactoid in Bc0 .
Proof. It follows from the assumptions that the elements of Ac are ξ -closed, and that
Ac is stable for ξ -closed subsets. Let G be a J-filter such that Ac0 ∈ lim$[ξ ] G, that is,
adhξ |G| ∩ A0 = ∅. Hence since J is compatible, |G| is a J-filter that does not mesh A,
becauseA is ξ -J-compactoid in A0. In other words, there exist A ∈A andG ∈ G such that⋃
B∈GB ⊂Ac. AsAc is stable for closed subsets of its elements,G⊂Ac, that is, Ac ∈ G.
It follows that Ac ∈ VBaseJ([ξ ])(Ac0).
Let ξ be a topology, and let B ∈ VBaseJ($[ξ ])(B0). Then B is stable for closed subsets
of its elements, hence Bc = Oξ (Bc). We need to show that if H is a J-filter such that
adhξ H⊂ B0, thenH not #Bc. By compatibility, the filter H˜ generated by {C = clξ C: C ⊂
clξH } with H ∈H is a J-filter. As ξ is a topology, adhξ H= adhξ Hclξ = adhξ |H˜|, so that
B0 ∈ lim$[ξ ] H˜, and thus B ∈ H˜. Thus there exists H ∈ H such that clξ H ∈ B, hence
H /∈ B#c . 2
Corollary 5.3. If ξ is a topology, and J is a compatible class of filters, then a family B is
BaseJ($[ξ ])-open if and only if Bc =Oξ (Bc) is a ξ -J-compact family.
In particular, if J is the class of all filters, then Corollary 5.3 implies that B is open for
the upper Kuratowski topology if and only if Bc =O(Bc) is compact [14, Theorem 3.1];
if J is the class of countably based filters, then Corollary 5.3 implies that B is sequentially
open for the upper Kuratowski topology if and only if Bc =O(Bc) is countably compact
[1, Theorem 2.1].
In particular if ξ is a topology, then it follows from Condition 5.1 that the upper
Kuratowski convergence $[ξ ] is a topology if and only if
Condition 5.4 (Day and Kelly). For each x and each open set U ∈Nξ (x), there exists a
ξ -compact family A=Oξ (A) 3U such that ⋂A ∈Nξ (x).
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Condition 5.4 is “Condition C” of Day and Kelly, 5 who proved its equivalence to the
quotientness of the product of the identity map Id|ξ | with every quotient map [6, Theo-
rem 3]. As for each topology ξ , the topologicity of the upper Kuratowski $[ξ ] convergence
amounts to the continuity of the lattice of ξ -open sets, the latter is equivalent to Condi-
tion 5.4 [19, Proposition 4.2].
Similarly, if ξ is a topology, then it follows from Condition 5.1 that the upper Kuratowski
convergence $[ξ ] is a pretopology if and only if
Condition 5.5. For each x , each U ∈ Oξ (x), there exists a family A = Oξ (A) that is
ξ -compactoid in U , and such that
⋂A ∈Nξ (x).
Observe that if A=Oξ (A) is ξ -compactoid in U , then ⋂A is also ξ -compactoid in U ;
vice versa if an open set O is ξ -compactoid in U , then the family A= {W ∈Oξ : W ⊃O}
is ξ -compactoid in U . Therefore Condition 5.5 amounts to core-compactness.
Theorem 5.6. Let ξ be a topology. If $[ξ ] is a pretopology, then it is a topology.
The proof is postponed to Section 8. Theorem 5.6 shows that for each topology ξ ,
Conditions 5.4 and 5.5 are equivalent. This fact does not seem to be fully justified in the
proof of [19, Proposition 4.2].
In view of Condition 5.1 and Theorem 5.2, Conditions 5.4 and 5.5 can be generalized as
follows
Theorem 5.7. Let J be a compatible class of filters.
(1) If for each x , each U ∈Oξ (x), and every filter F , there exists a family A=Oξ (A)
that is ξ -compactoid in U , and such that
⋂A ∈F , then
PBaseJ
($[ξ ])> $[ξ ].
(2) If for each x , each U ∈Oξ (x), and every filter F , there exists a ξ -compact family
A=Oξ (A) 3 U such that ⋂A ∈F , then
TBaseJ
($[ξ ])> $[ξ ].
If moreover ξ is a topology, then the converse statements hold.
6. Antoine modifier
We denote by iξ : |ξ |→|$[$[ξ ]]| the canonical map from ξ to its bidual. The Antoine
modifier
Aξ = i−ξ
($[$[ξ ]])
5 Day and Kelly did not use the term “compact family”, but gave an equivalent definition.
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is a reflector in the category of convergences. A convergence ξ is said to be Antoine
whenever ξ = Aξ . It follows immediately that Aξ is the coarsest convergence ϑ for which
ϑ × $[ξ ]>w−$.
It also follows that $[Aξ ] = $[ξ ].
This class of convergences was introduced by Antoine [3], and studied by Bourdaud [5]
and Machado [24]. Bourdaud proved [5, Théorème I.4.4] that a convergence is Antoine if
and only if it is a star-regular 6 pseudotopology with closed limits. In general, Sξ > Aξ .
The equality holds if Sξ is a T1-convergence with closed limits, in particular if Sξ
(equivalently ξ ) is Hausdorff. For a composable class J of filters,
AJξ = i−ξ
($[BaseJ($[ξ ])])
is a reflector. 7 We say that a convergence ξ is J-Antoine if ξ = AJξ . Therefore, AJξ is
the coarsest convergence ϑ for which ϑ ×BaseJ$[ξ ]>w−$. It follows from general rules
concerning Galois connections that
BaseJ
($[ξ ])= BaseJ($[AJξ ]). (6.1)
As a consequence of Corollary 4.2,
AJξ × τ > T (ξ × τ ) (6.2)
for each J-based convergence τ (see [28]); moreover,
Proposition 6.1 [28]. If ϑ × τ > T (ξ × τ ) for every atomic J-based topology τ , or for
τ = BaseJ($[ξ ]), then ϑ >AJξ .
Hence, each topologically coherent Antoine convergence is a topology. In particular,
each topologically coherent Hausdorff pseudotopology is a topology [22, Lemma 3.1].
Consequently, for each J-based convergence τ ,
T (AJξ × τ )= T (ξ × τ ). (6.3)
By definition,
adξ A=
⋃
a∈A
limξ (a).
Analogously let
ad∗ξ A=
{
y: limξ (y)∩A 6= ∅
}
. (6.4)
6 That is, regular with respect to the “star-closure” defined by (6.4).
7 A similar reflector (with the usual topology of the real line instead of $) was used by Kent and Richardson [23]
and by Kent and Fricˇ [20] in the study of sequential envelopes.
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For a convergence with closed limits, adξ and adT ξ coincide. On the other hand, JadT ξ
denotes the class of J-filtersH for which H=HadT ξ .
Theorem 6.2 [29]. If J is a composable class of filters, then the reflector AJ is given by
limAJξ F =
⋂
JadT ξ 3H#F
clξ (adhξ H).
Remark that the characterization [5, Théorème I.4.4] of Antoine spaces is a corollary
(with J the class of all filters). Indeed, by Theorem 6.2, an Antoine convergence is a
pseudotopology with closed limits. Thus adξ and adT ξ coincide. Consequently, an Antoine
convergence is star-regular, because Hadξ =H for H ∈ JadT ξ , and H#Fad∗ξ if and only ifHadξ #F .
Conversely let ξ be a star-regular pseudotopology with closed limits. Observe that if ξ
is star-regular, then
adhξ Hadξ = adhξ H. (6.5)
Indeed,
adhξ Hadξ =
⋃
G#Hadξ
limξ G =
⋃
Gad∗
ξ
#H
limξ G =
⋃
Gad∗
ξ
#H
limξ Gad∗ξ ⊂ adhξ H.
On the other hand, if ξ has closed limits, then adξ is idempotent, so that by (6.5),⋂
Hadξ=H#F
clξ (adhξ H)=
⋂
Hadξ #F
clξ (adhξ Hadξ )=
⋂
H#Fad∗
ξ
clξ (adhξ H).
Therefore, as ξ is a pseudotopology with closed limits,⋂
Hadξ=H#F
clξ (adhξ H)=
⋂
U∈β(Fad∗
ξ
)
limξ U = limξ Fad∗ξ = limξ F .
More generally, if J is composable, then each AJ-convergence is star regular with closed
limits.
Lemma 6.3. Let J be a composable class, and let B = Oξ (B). A family is AJξ -J-
compactoid in B if and only if it is ξ -JadT ξ -compactoid in B.
Proof. Let A be AJξ -J-compactoid in B, and consider a filter H ∈ JadT ξ such that H#A.
AsH ∈ J, by assumption, adhAJξ H#B, so that clξ (adhAJξ H)#B. By Theorem 6.2,
clξ (adhAJξ H)= clξ (adhξ H) (6.6)
for every H ∈ JadT ξ , so that clξ (adhξ H)#B. Moreover, since B consists of ξ -open sets,
adhξ H#B.
Suppose that A is ξ -JadT ξ -compactoid in B. Let H ∈ J and H#A; a fortiori,
HadT ξ #A, hence by assumption, adhξ HadT ξ #B. As the elements of B are open, and since
HadT ξ ∈ JadT ξ , by (6.6) adhAJξ HadT ξ #B. Finally, by ad∗ξ -regularity of AJξ (see (6.5)),
adhAJξ H#B. 2
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7. Core-compactness and partial commutation of topologizer with product
In the sequel, J is assumed to be a composable class of filters and independent of the
convergence. In particular, AdhJ is a reflector and BaseJ is a coreflector.
As seen before, the topologizer T does not commute with the product in general.
Theorem 3.4 constitutes a tool for constructing counter-examples to this effect. For
instance, each time when ξ and τ are sequential topologies for which ξ × τ is not
sequential, the topologizer does not commute with the product of First ξ and First τ .
Theorem 7.1. The following are equivalent:
(1) ϑ is T -core-AJξ -J-compact;
(2) For each τ > PBaseJτ ,
ϑ × Pτ > T (ξ × τ ); (7.1)
(3) (7.1) holds for each atomic J-based convergence τ .
Proof. Let x ∈ limϑ F , y ∈ limPτ G, and let H be a (ξ × τ )-closed set such that H#(F ×
G). For each V ∈Nξ (x), there is FV ∈ F which is ξ -J-compactoid in V . Since HFV #G,
the point y is in adhPτ HFV = adhBaseJτ HFV . Thus there exists a J-filter GV such that
GV #HFV and y ∈ limτ GV . Therefore, the J-filter H−GV meshes FV , hence by T -core-
AJξ -J-compactness, there exists a filter FV > H−GV such that xV ∈ limAJξ FV ∩ V .
As (FV × GV )#H and H is (ξ × τ )-closed, hence (AJξ × τ )-closed, (xV , y) ∈ H . On
the other hand, the set L = {xV : V ∈ Nξ (x)} meshes Nξ (x) so that x ∈ clξ L. Hence
(x, y) ∈ clξ L× {y} ⊂ clξ×τ (L× {y})⊂H , because H is (ξ × τ )-closed.
It remains to prove that (3) implies (1). Let X be the underlying set of ξ . If ϑ is not T -
core-AJξ -J-compact, there exist x0 ∈ limϑ F and a ξ -open neighborhood N0 of x0 such
that for each F ∈F , there exists a J-filterHF that meshes F , such that adhAJξ HF ∩N0 =
∅. Let τF denote the finest convergence on a copy YF of X such that HF converges to
x0. Let τ be the quotient convergence on the set Y obtained from the disjoint sum of all
convergences τF by identifying all copies of x0 with a point y0. Consider the subset
A= {(x, y): y 6= y0, x ∈ limAJξ (y)}
of X × Y . Since (F × Vτ (x0))#A, (x0, y0) ∈ clϑ×Pτ A. However, (x0, y0) /∈ clξ×τ A.
Indeed, letH×G be a filter on A that converges to (x, y) in ξ × τ . If y 6= y0, then G = (y)
because y is isolated in τ , so that H is a filter on limAJξ (y), because A ∈H× (y). Since
AJξ has closed limits, hence ξ -closed limits, (x, y) ∈A. If y = y0, then G >HF for some
F ∈ F . Therefore H × G contains {(x, y): x ∈ X, y ∈ YF , y 6= y0} so that Had∗ξ #HF .
Thus limAJξ Had∗ξ ∩ N0 = ∅. Since AJξ is star-regular, limAJξ Had∗ξ = limAJξ H, so that
(x, y0) ∈Nc0 × {y0}. Thus (x0, y0) /∈ clξ×τ A because Nc0 is ξ -closed. 8 2
8 We could have taken only one copy of the underlying set of ξ on which each filter HF converges to x0, but we
need that the filters HF are disjoint to prove Proposition 7.2.
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In particular, if J is the class of all filters, combining Theorem 7.1 and Corollary 4.2, we
obtain that a convergence ξ is T -core-compact if and only if $[ξ ] is a pretopology. Such a
characterization of the pretopologicity of $[ξ ] was only known for topologies ξ but not for
general convergences. If J is the class of countably based filters, then we write Aω for AJ
and we can improve Theorem 7.1 as follows.
Proposition 7.2. If ϑ fulfills (7.1) for each atomic convergence τ = FirstPτ , then ϑ is
T -core-Aωξ -countably-compact.
Proof. If ϑ is not T -core-Aωξ -countably-compact, then by the construction of the proof
of Theorem 7.1, there exist an atomic first countable convergence τ on Y , A ⊂ X × Y
and (x0, y0) ∈ clϑ×Pτ A\ clξ×τ A. We want to show that (x0, y0) ∈ clϑ×P FirstPτ A \
clξ×FirstPτ A. Observe that Pτ = P First τ because τ = First τ , so that P FirstPτ = Pτ
since P First is idempotent. Consequently, VFirstPτ (y0) = Vτ (y0). Therefore, (x0, y0) ∈
clϑ×P FirstPτ A. On the other hand, if G is a countably based filter such that x0 ∈ limPτ G,
then G >∧F∈F HF . Let (Gn)n denote a decreasing base of G, and define a free sequence
(xn)n > G by xn ∈Gn \Gn+1. By a standard argument, there exists a subsequence (xnk )k
and F0 ∈F such that (xnk )k meshes only YF0 . Thus
limξ G ⊂ limξ (xnk )k ⊂ adhξ HF0 ⊂ (N0)c.
Since (N0)c is ξ -closed and x0 /∈ (N0)c, (x0, y0) /∈ clξ×FirstPτ A. 2
8. Cascades and multifilters
In order to pass from pretopologizer to topologizer in our commutation quest, we apply a
method of multifilters. Basic facts on cascades and multifilters are presented in this section
and detailed in the companion paper [15]. If (W,v) is an ordered set, then we write
W(w)= {x ∈W : w v x}. (8.1)
If W is a tree 9 then the length l(w) of w ∈ W is the ordinal of the order type of
{v ∈W : v <w}. We denote by W+(w) the set of immediate successors of w.
An ordered set (W,v) is well-capped if its every non empty subset has a maximal
point. 10 Each well-capped set admits the (upper) rank to the effect that r(w) = 0 if
w ∈maxW , and for r(w) > 0,
r(w)= rW (w)= sup
v=w
(
r(v)+ 1). (8.2)
A well-capped tree with least element is called a cascade; the least element of a cascade
V is denoted by ∅ = ∅V and is called the estuary of V . It follows from the definition that
each element of a cascade is of finite length. The rank of a cascade is by definition the rank
of its estuary.
9 {v ∈W : v <w} is well-ordered for every w ∈W .
10 In other words, a well-capped ordered set is a well-founded ordered set for the inverse order.
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A cascade is a filter cascade if its every (non maximal) element is a filter on the set of
its immediate successors. A filter cascade V is a subcascade of a cascade W if there exists
an injective mapping g :V→W such that for every non maximal v ∈ V ,
g(∅V )= ∅W, (8.3)
g
(
V+(v)
)⊂W+(g(v)), (8.4)
g(v)6 g\(v), (8.5)
where g(v) is the image of v as an element of W , and g\(v) is the filter generated by
{g(F ): F ∈ v}. It follows that l(v)= l(g(v)).
A subsetX of a cascade V is frequent if ∅V ∈X, andX+(v)⊂ V+(v) andX+(v) ∈ v# 11
for each non maximal v ∈X. Conditions (8.4) and (8.5) imply that if g :V→W defines a
subcascade, then g(V ) is frequent in W .
A subcascade V of W is a frequent subcascade if (8.5) is strengthened to become
g(v\)= g(v) ∨ g
(
V+(v)
)
. (8.6)
A cascade L on a set of cascades M can be extended in a natural way to a cascade
L"M called the confluence (of M to L):
L\maxL ∪
⋃
M∈M
M,
where the extension of the existent orders is defined by
v ∈L, x ∈M ∈M, v vL M⇒ v v x.
The confluence operation is associative.
The limiting rank %(v) = %(v;V ) of an element v of a cascade V by well-founded
induction: if v ∈ maxV , then %(v) = 0; if v /∈ maxV and % has been defined for every
w= v, then
%(v)= sup
F∈v
inf
w∈F
(
%(w)+ 1). (8.7)
By definition, the rank r(V ) (respectively, limiting rank %(V )) of a cascade V is the rank
of its estuary. A cascade V is monotone if rV (v)= %V (v) for every v ∈ V . Every cascade
V admits a frequent monotone subcascade W such that %(V )= r(W) [15, Theorem 1.1].
On the other hand, each cascade V can be endowed with its natural pretopology pi in
which Vpi(v)= v\ ∧ (v) for each v ∈ V , where v\ denotes v considered as a filter.
A mapΦ :V \{∅V }→X, where V is a cascade, is called a multifilter onX. In order not to
overburden the notation, we will talk about a multifilterΦ :V→X under the understanding
that Φ is not defined at ∅V . If Φ(maxV ) ⊂ A ⊂ X, then we say that Φ starts at A; the
class of multifilters starting at A is denoted by ϕ∞(A). 12
11 X is well-capped as a subset of a well-capped set.
12 The notion of multifilter that starts at A is a natural extension of that of filter on A. Actually what really extends
the notion of filter is the map. Φ\ :V \maxV→ϕ(X), associated with Φ , where Φ\(v) is the filter generated by
{Φ(F): F ∈ v}.
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A couple (V ,Φ0) where V is a cascade and Φ0 : maxV→A is a called a perifilter
on A. In the sequel we will consider V implicitly talking about a perifilter Φ0. If
Φ|maxV = Φ0, then we say that the multifilter Φ is an extension of the perifilter Φ0. The
rank (limiting rank) of a multifilter (perifilter) is, by definition, the rank (limiting rank) of
the corresponding cascade. A perifilter and a multifilter from a monotone cascade are said
to be monotone.
A multifilter is called free, sequential, ultra-, and so on, if all its values are respectively
free filters, sequences, ultrafilters, and so on. Analogously, if J is a composable class
of filters, we call J-multifilter a multifilter with a cascade of J-filters as domain.
A submultifilter of a multifilter Φ :W→X is a multifilter Ψ :V→X such that V is a
subcascade of W , and the defining function g :V→W from (8.3), (8.4), (8.5) fulfills
Ψ =Φ ◦ g.
A multifilter Φ :V→X is called simple if its restriction to V+(v) is injective for every
non maximal v ∈ V . A submultifilter of a simple multifilter is simple.
IfΦ :V→X is a multifilter, and if for each v ∈maxV , a multifilter Ψv :Wv→X is such
that Φ(v)= Ψv(∅), then on setting V= {Ψv: v ∈maxV },
Φ"V
is the confluence of V to Φ , that is, the multifilter from V " {Wv : v ∈maxV } to X such
that (Φ"V)(v)=Φ(v) if v ∈ V , and (Φ"V)(w)= Ψv(w) if w ∈Wv .
The contour of a multifilter Φ :V→X depends entirely on the underlying cascade V
and on the restriction of Φ to maxV , hence on the corresponding perifilter (V ,Φ|maxV ).
Therefore we shall not distinguish between the contours of multifilters and of the
corresponding perifilters. The contour of Φ :W→X is defined by induction to the effect
that
∫
Φ =Φ\(∅W) if r(Φ)= 0, and∫
Φ =
⋃
F∈∅W
⋂
w∈F
∫
Φ|W(w) (8.8)
otherwise. We say that a multifilter Φ :W→X meshes a set A if (∫ Φ)#A.
Let ξ be a convergence on X. A multifilter Φ :V→X converges to x0 ∈X (in symbols,
x0 ∈ limξ Φ)
∀
v∈V \maxV \{∅V }
Φ(v) ∈ limξ Φ\(v), (8.9)
x0 ∈ limξ Φ\(∅V ), (8.10)
where Φ(v) if the image by Φ of v treated as a point of V , while Φ\(v) is the filter
generated by {Φ(F): F ∈ v}. It follows that if a multifilter converges to x , then its every
submultifilter converges to x .
Theorem 8.1 [15, Theorem 7.1]. Let ξ be a convergence. Then
x ∈ adhαξ A (8.11)
if and only if there exists a (monotone, simple) multifilter of rank less than or equal to α
that starts at A and ξ -converges to x .
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In particular, a pretopology is a topology if and only if for every multifilter Φ ,
limΦ ⊂ lim
∫
Φ. (8.12)
Proof of Theorem 5.6. Let A0 ∈ lim$[ξ ]F , and for some F0 ∈ F and for each A ∈ F0,
let GA be a filter such that A ∈ lim$[ξ ] GA. We will prove that the contour filter
∫ F "
{GA: A ∈ F0} converges to A0 for $[ξ ]. If x /∈ A0, then by assumption, there exists
F ⊂ F0 and O ∈ Oξ (x) such that ⋃A∈F A ∩ O = ∅, hence clξ (⋃A∈F A) ∩ O = ∅. Of
course, GA converges to clξ (
⋃
A∈F A) for each A ∈ F . Hence
∧
A∈F GA converges to
clξ (
⋃
A∈F A) for P($[ξ ]) = $[ξ ]. Therefore, there exists P ∈ Oξ (x) and G ∈
∧
A∈F GA
such that
⋃
B∈GB ∩ P = ∅. As
⋃
B∈G B ∈
∫ F " {GA: A ∈ F0}, the latter converges to
A0 in $[ξ ], what proves its diagonality. But since $[ξ ] is assumed to be a pretopology, it is
a topology. 2
With each composable class J of filters we associate the class contour(J) of all J-contour
filters, i.e., the contours of J-multifilter. In particular, we denote by contour(First) the class
of contours of multifilters with countably based values.
A notion of particular interest for the sequel is the core-ξ -contour(J)-compactness. If
ϑ = ξ is a topology and J is the class of all filters, then the notion amounts to the core-
compactness defined in [19].
Because of (8.12), for topologies countable compactness is equivalent to contour(First)-
compactness. 13 Hence core-contour(First)-compactness relaxes local countable compact-
ness as core-compactness relaxes local compactness. Of course, a T -regular core-J-
compact convergence is locally (hereditarily) J-compact.
Theorem 8.2 [15, Theorem 8.1]. Let J be a composable class of filters. Every J-perifilter
that meshes a J-compact set K has a subperifilter that can be extended to a multifilter that
starts at K and converges to an element of K .
9. Core-contour-compactness and commutation of topologizer with product
T -core-J-compactness is weaker than core-J-compactness, and the latter is weaker than
core-contour(J)-compactness. The last condition enables us to reinforce the conclusion of
Proposition 7.1, on relaxing the condition τ > PBaseJτ .
Theorem 9.1. If ξ > ϑ > T ξ , ϑ is a core-ξ -contour(J)-compact convergence and τ >
TBaseJτ , then
ϑ × T τ > T (ξ × τ ). (9.1)
Proof. We prove by induction on α that
ϑ × (Pτ)α > T (ξ × τ ),
13 Aniskovicˇ observed in [2] that for topologies, countable compactness amounts to contour(Seq)-compactness.
S. Dolecki, F. Mynard / Topology and its Applications 104 (2000) 67–99 87
if (Pτ)α > (PBaseJτ )α . Proposition 7.1 proves that this is true for α = 1. Assume now
that α > 1 and that the property holds for each β < α. Let (x, y) ∈ limϑ×(P τ)α (F ×G) and
let H be a (ξ × τ )-closed set such that H#(F × G). For each F ∈F , there exists KF ∈F
which is ξ -contour(J)-compactoid in F and LF ∈F which is ξ -contour(J)-compactoid in
KF .
Since HLF#G, the point y is in adh(P τ)α HLF = adh(PBaseJτ )α HLF . Thus, by Theo-
rem 8.1, there exists a J-multifilterΛF :VF→Y of rank α that starts atHLF and such that
y ∈ limτ ΛF . The multifilter ΛF can be represented as the confluence ΛF =ΛF (∅VF )"
{ΛF |VF (v): v ∈ V+(∅)}. Each J-multifilter ΛF |VF (v) has rank β(v) strictly less than α and
ΛF (v) ∈ limτ
∫
ΛF |VF (v) ⊂ adhβ(v)τ HLF .
For each m ∈ maxVF (v), there is a point ΓF,v(m) ∈ LF such that m 7→ (ΓF,v(m),
ΛF |VF (v)(m)) together with VF (v) is a perifilter on H . Since ΓF,v is a J-perifilter on LF ,
by contour(J)-compactoidness, there exists xF,v ∈ adhξ
∫
ΓF,v ∩KF . Let FF,v#
∫
ΓF,v be
such that xF,v ∈ limξ FF,v and let GF,v = Γ −F,v(FF,v)∨
∫
VF (v). Since
lim(P τ)β(v)
∫
ΛF |VF (v) ⊂ lim(P τ)β(v) ΛF |VF (v)(GF,v) and[FF,v × (ΛF |VF (v))(GF,v)]#∫ (ΓF,v4ΛF |VF (v)),
we conclude that (xF,v,ΛF (v)) ∈ H , because H is (ϑ × (Pτ)β(v))-closed, by inductive
hypothesis. Let fF be the map assigning xF,v to v ∈ (VF )+(∅). The filter (fF )\(∅VF )
is a J-filter on KF so that there exists xF ∈ adhξ (fF )\(∅VF ) ∩ F . On the other hand,
y ∈ limτ (ΛF )\(∅VF ), so that (xF , y) ∈ adhξ×τ H ⊂ H . Since {xF : F ∈ F}#F , the point
(x, y) ∈ clϑ {xF : F ∈F} × {y} ⊂H . 2
In particular, for ϑ = ξ and ϑ = T ξ , (9.1) becomes respectively,
ξ × T τ > T (ξ × τ ), (9.2)
T ξ × T τ > T (ξ × τ ). (9.3)
If J is the class of all filters, then of course, contour(J)= J. In this case Theorem 9.1
specializes to
Corollary 9.2. If ξ is core-compact, then (9.2) holds for each convergence τ .
Corollary 9.3. If T ξ is core-ξ -compact, then (9.3) holds for each convergence τ .
Notice that Corollary 9.2 implies [22, Proposition 2.3] of Kent and Richardson. If J is
the class of countably based filters, then BaseJ = First; now Theorem 9.1 specializes to
Corollary 9.4. If ξ is core-contour(First)-compact, then (9.2) holds for each sequential
convergence τ .
Corollary 9.5. If T ξ is core-ξ -contour(First)-compact, then (9.3) holds for each sequen-
tial convergence τ .
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Theorem 9.1 admits a partial converse. The sufficient condition of that theorem is core-
ξ -contour(J)-compactness. A formally slightly weaker condition of T -core-ξ -contour(J)-
compactness turns out to be necessary. We do not know whether the two conditions are
really different.
Theorem 9.6. If for each J-based convergence τ , (9.1) holds:
ϑ × T τ > T (ξ × τ ),
then ϑ is T -core-ξ -contour(J)-compact.
Proof. If ϑ is not T -core-ξ -contour(J)-compact, then there exist x0 ∈ limϑ F and a
ξ -open neighborhood N0 of x0 such that for each F ∈ F , there exists a J-multifilter
ΦF :VF→X with
∫
ΦF #F and adhξ
∫
ΦF ∩ N0 = ∅. Let each cascade VF be endowed
with its natural pretopology and let τ be the quotient convergence obtained from
the disjoint sum of all cascades VF by identifying all estuaries to a point ∞. Call
Y the underlying set of τ . By definition, τ is a J-based convergence. Notice that
Nτ (∞) =∧F∈F ∫ VF . Consider the subset A =⋃F∈F ΦF |maxVF , where ΦF |maxVF is
identified with its graph. Observe that (F ×∧F∈F ∫ VF )#A, since ∫ ΦF = ΦF (∫ VF ).
Consequently, (x0,∞) ∈ adhϑ×T τ A. However, (x0,∞) /∈ clξ×τ A. Indeed, if L ×M is
a filter on A that converges to (x, v) in ξ × τ , then M > v\. Moreover, if v ∈ VF ,
L#(ΦF )(v\), so that x ∈ adhξ
∫
ΦF ⊂ Nc0 . Consequently, adhξ×τ A ⊂ (N0)c × Y and
(N0)c × Y is (ξ × τ )-closed. 2
Of course, if τ is a J-based convergence, then τ > TBaseJτ . We can improve Theo-
rem 9.6 if J is the class of countably based filters.
Proposition 9.7. If (9.1) holds for each τ = FirstT τ , then ϑ is T -core-ξ -contour(First)-
compact.
Proof. If ϑ is not T -core-contour(First)-ξ -compact, then by the construction of the
proof of Theorem 9.6, there exist a first countable convergence τ on Y , A ⊂ X × Y
and (x0,∞) ∈ clϑ×T τ A\ clξ×τ A. We want to show that (x0,∞) ∈ clϑ×T FirstT τ A \
clξ×FirstT τ A. Observe that T τ = T First τ because τ = First τ , so that T FirstT τ = T τ
since T First is idempotent. Consequently, NFirstT τ (∞)=Nτ (∞). Therefore, (x0,∞) ∈
clϑ×T FirstT τ A. On the other hand, if G is a countably based filter such that∞∈ limT τ G,
then G >∧F∈F ∫ VF . Let (Gn)n denote a decreasing base of G. Define a free sequence
(xn)n > G by xn ∈Gn \Gn+1. By a standard argument, there exists a subsequence (xnk )k
and F0 ∈F such that (xnk )k meshes only VF0 . Thus if L× G#A,
limξ L⊂ limξ ΦF0(xnk )⊂ adhξ
∫
ΦF0 ⊂ (N0)c.
Since (N0)c is ξ -closed and x0 /∈ (N0)c, (x0,∞) /∈ clξ×FirstT τ A. 2
S. Dolecki, F. Mynard / Topology and its Applications 104 (2000) 67–99 89
If ϑ = T ξ and J is the class of all filters, then core-AJξ -contour(J)-compactness and
T -core-Aξ -compactness coincide so that Theorem 9.1 implies
Theorem 9.8. The following are equivalent:
(1) T ξ is core-Aξ -compact;
(2) ξ is T -coherent;
(3) T ξ × Pτ > T (ξ × τ ) for each convergence τ ;
(4) T ξ × Pτ > T (ξ × τ ) for each atomic convergence τ .
Consequently, if ξ is Hausdorff and T -coherent, T ξ = Sξ is a Hausdorff locally compact
topology. Since the compact sets are the same for ξ and for Sξ , ξ is locally compact and
T -regular. In this way, we recover [22, Theorem 3.5] and [22, Lemma 3.2] of Kent and
Richardson.
Since T -core-contour(J)-compactness and core-contour(J)-compactness coincide for
topologies, in view of Theorems 9.6 and 9.1,
Corollary 9.9. Let J be a composable class of filters. The following are equivalent:
(1) ξ is T -coherent with each τ > TBaseJτ ;
(2) ξ is T -coherent with each J-based τ ;
(3) T ξ is core-ξ -contour(J)-compact;
(4) T ξ is core-AJξ -contour(J)-compact.
Notice that core-AJξ -contour(J)-compactness of ϑ is a sufficient condition for (9.1).
For ϑ = T ξ , core-ξ -contour(J)-compactness is necessary, so that both notions coincide.
Finally, if T ξ is regular, then core-Aωξ -contour(First)-compactness of T ξ amounts to
local countable Aωξ -compactness. Therefore
Theorem 9.10. Let T ξ be regular. The following are equivalent:
(1) T ξ is locally countably Aωξ -compact;
(2) ξ is T -coherent with each sequential convergence τ ;
(3) ξ is T -coherent with each FirstT -convergence τ ;
(4) T ξ × Pτ > T (ξ × τ ) for each Fréchet convergence τ ;
(5) T ξ × Pτ > T (ξ × τ ) for each atomic τ = FirstPτ .
10. Commutation of other reflectors with products
Observe that, contrary to the topologizer, the pseudotopologizer always commutes with
the product. 14 But for other reflectors, the situation can be much more complicated as
14 If (ξi )i∈I is a family of convergences, then [18,9]
S
(∏
i∈I
ξi
)
=
∏
i∈I
Sξi .
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shows Theorem 3.4. Here we make a first step in the direction of a generalization of
Theorem 9.1 to arbitrary reflectors.
Theorem 10.1. If J is a composable class of filters, then
SBaseJξ ×AdhJτ >AdhJ(ξ × τ ). (10.1)
Proof. We have to show that if x ∈ limSBaseJξ F , y ∈ limAdhJτ G and H ∈ J with
H#(F × G), then (x, y) ∈ adhξ×τ H. Let U ∈ β(F ∨H−(G)). Since BaseJξ is J-based,
there exists FU ∈ J such that U > FU and x ∈ limBaseJξ FU . Of course, (FU × G)#H.
Because of the composability of J, the filterH(FU ) is a J-filter, hence adhAdhJτ H(FU )=
adhτ H(FU ). Therefore, there exists a filter GU meshing H(FU ) such that y ∈ limτ GU .
Thus (x, y) ∈ limξ×τ (FU × GU ) and (FU × GU )#H, hence (x, y) ∈ adhξ×τ H. 2
For example, if J is the class of all filters then (10.1) amounts to Sξ×Sτ > S(ξ×τ ). If J
is the class of countably based filters, then (10.1) amounts to S First ξ ×Pωτ > Pω(ξ × τ ).
The latter formula will prove instrumental for product theorems involving bisequential
convergences, i.e., S First-convergences.
In the particular case where J is the class of countably based filters (hence, AdhJ = Pω
and BaseJ = First), we have a kind of converse theorem.
Theorem 10.2. Let ν be an arbitrary bisequential convergence containing a non trivial
convergent sequence. Then
ϑ × ν > P(ξ × ν)⇔ ϑ > Pωξ. (10.2)
Proof. If ϑ > Pωξ and τ > S First τ , then ϑ × τ > Pω(ξ × τ ) > P(ξ × τ ), because
of Theorem 10.1. Conversely, assume that ϑ × ν > P(ξ × ν). Consider a filter F that
converges to x in ϑ . Of course, (x,0) ∈ limϑ×ν(F × (1/n))⊂ limP(ξ×τ )(F × (1/n)). Let
H be a countably based filter meshing F and (Hn) be a decreasing base ofH. Consider the
set H =⋃n∈N∗(Hn× (1/n)). Since H#(F × (1/n)), there exists a filter L on H such that
L× (1/n) converges to (x,0) for ξ × ν. Thus x ∈ limξ L and L#H , so that x ∈ adhξ H.
We conclude that x ∈ limPωξ F . 2
Observe that the bisequentiality of ν is used only to apply Theorem 10.1, in order to
have ϑ × ν > P(ξ × ν) when ϑ > Pωξ .
11. Quotientness of product maps
Theorem 11.1. A map f is A-quotient onto a core-compact topology if and only if f × g
is quotient for each quotient map g (equivalently for each hereditarily quotient map).
Proof. If f : ξ→ τ is A-quotient and τ = T (f ξ) is core-compact, then the product of f
with each quotient map is quotient because of Theorems 9.1, 3.2 and (6.3). Indeed, by (6.3)
A(f ξ)× T (gϑ)> T (A(f ξ)× gϑ)= T (f ξ × gϑ).
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Conversely, if τ × T (gϑ) > T (f ξ × gϑ), then by Proposition 6.1, τ > A(f ξ). On the
other hand, τ =A(f ξ)= T (f ξ) is necessarily core-A(f ξ)-compact by Theorem 9.1, i.e.,
core-compact. 2
Since S > A, each biquotient map is A-quotient. An A-quotient map with Hausdorff
range is biquotient, and a core-compact Hausdorff Antoine convergence is locally compact.
Hence, in comparison to Theorem 0.3, we refine both the hypotheses on the map and on its
range. Because of Theorem 3.3, if the domain of an A-quotient map is core-compact, so is
its range. Notice that the Whitehead–Michael Theorem 0.1 is a particular case of Theorem
11.1.
Day and Kelly prove [6, Theorem 2] that if f : ξ→ τ is a continuous surjection between
topologies, then f × Idτ is quotient for each topology τ if and only if f has the following
property:
Condition 11.2 (Day and Kelly). The map f : ξ→ τ is quotient and for each y ∈ |τ |, each
neighborhood V of y and each ξ -open cover (Gα)α∈Λ of f−(V ) there is α1 · · ·αn such
that the intersection of all τ -open sets containing f (Gα1)∪· · ·∪f (Gαn) is a neighborhood
of y .
It turns out thatA-quotient maps between topologies are those that fulfill Condition 11.2.
A class J of filters is ∗-contraposable if for each map f, (f (Hc)ad∗Tf ξ )c is a J-filter
whenever H is a J-filter. The classes of principal filters, of countably based filters and of
all filters are ∗-contraposable.
In view of Lemma 6.3, Theorem 6.2 leads to the following characterization for arbitrary
convergences:
Theorem 11.3. Let f : ξ→ τ be a continuous surjection and let J be a ∗-contraposable
class of filters. Then the following are equivalent:
(1) f is AJ-quotient;
(2) if y ∈ limτ F , then F is AJ(f ξ)-J-compactoid in Nf ξ (y);
(3) if H ∈ JadTf ξ and y ∈ adhτ H, then
f−(y)∩ clf−f ξ (adhξ f−H) 6= ∅;
(4) if y ∈ limτ F , V is a f ξ -open set containing y , and S is a ξ -J-cover 15 of f−V ,
there exists a finite subfamily P ⊂ S such that the intersection of all f ξ -open sets
containing
⋃
P∈P f (P ) is an element of F .
Since AJ > T , each AJ-quotient is quotient. 16 In the case where τ = AJτ , we have
τ =AJ(f ξ), so that the formulation of Theorem 11.3 and of Corollary 11.4 below become
15 Let Sc = {Sc: S ∈ S}. Recall that an ideal S of subsets of X is a ξ -J-cover of A⊂X whenever S˜c is a J-filter
and adhξ S˜c ∩A= ∅ [7].
16 In this case, T τ = Tf ξ so that Nf ξ (·)=Nτ (·) and clf−f ξ = clf−τ .
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simpler in this case. In order to compare Theorem 11.3 with the result of Day and Kelly
involving Condition 11.2 (where f is assumed to be quotient), consider the following
Corollary 11.4. Let f : ξ→ τ be a quotient map. Then the following are equivalent:
(1) if y ∈ limτ F , then F is AJ(f ξ)-J-compactoid in Nτ (y);
(2) if H ∈ Jadτ and y ∈ adhτ H, then
f−(y)∩ clf−τ (adhξ f−H) 6= ∅;
(3) if y ∈ limτ F , V is a τ -open set containing y , and S is a ξ -J-cover of f−V ,
there exists a finite subfamily P ⊂ S such that the intersection of all τ -open sets
containing
⋃
P∈P f (P ) is an element of F .
Lemma 11.5. If ξ is a convergence with closed limits, then ad∗ξ A is the intersection of all
ξ -open sets that contain A, and
(ad∗ξ A)c = adξ
(
(ad∗ξ A)c
)
.
Proof. If x ∈ ad∗ξ A, there exists y ∈A ∩ limξ (x). Thus U ∈ (x) for every ξ -open set that
contains A, so that x ∈ U . Conversely, if x /∈ ad∗ξ A then limξ (x) ∩ A = ∅. Since ξ has
closed limits, (limξ (x))c is a ξ -open set that contains A but not x .
Hence x /∈ ad∗ξ A if and only if there exists a ξ -open set Ux containing A for which
x /∈ Ux . If y ∈ adξ ((ad∗ξ A)c), then there exists x /∈ ad∗ξ A such that y ∈ clξ x . Since x is in
the ξ -closed set Ucx , y ∈ clξ x ⊂Ucx so that y /∈ ad∗ξ A. 2
Lemma 11.6. Let f :X→Y be a surjection and let ξ be a convergence on X. Then for
each y ∈ Y ,
Nf−f ξ (f−y)= f−Nf ξ (y).
Proof. Each U ∈ f−Nf ξ (y) contains a ξ -open set which contains f−y , so that U ∈
Nf−f ξ (f−y). Conversely,Nf−f ξ (f−y)⊂ f−Nf ξ (y) because
x ∈ limTf−f ξ f−Nf ξ (y) for each x ∈ f−y.
Indeed, ff−Nf ξ (y) = Nf ξ (y) converges to y for Tf ξ and the result follows from
T (f−f ξ)= f−(Tf ξ). 2
Proof of Theorem 11.3. (1)⇔ (2) The map f is AJ-quotient whenever τ > AJ(f ξ),
that is, if y ∈ limτ F then y ∈ clf ξ (adhf ξ H) for each H ∈ JadTf ξ such that H#Nf ξ (y).
Equivalently, adhf ξ H#Nf ξ (y).
(1) ⇔ (3) τ > AJf ξ if and only if y ∈ adhAJf ξ H for each H ∈ JadTf ξ with
y ∈ adhτ H. By Theorem 6.2, adhAJf ξ H ⊂ clf ξ (adhf ξ H) for each H ∈ JadTf ξ , so
that Nf ξ (y)#f (adhξ f−H), or equivalently, f−Nf ξ (y)# adhξ f−H. By Lemma 11.6,
f−(y)∩ clf−f ξ (adhξ f−H) 6= ∅.
(1)⇒ (4) Observe that adhf ξ H = f (adhξ f−H). Consequently, if τ > AJf ξ , then
y ∈ limτ F for τ > AJ(f ξ) if and only if H(¬#)F for each H ∈ JadTf ξ such that
adhξ f−H(not #)f−Nτ (y).
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If S is a ξ -J-cover of f−V then G = (S˜)c is a J-filter for which f−V ∩ adhξ G = ∅.
Consider the J-filter L generated by {(ad∗Tf ξ f (Gc))c: G ∈ G}. By Lemma 11.5 and by
∗-contraposability, L ∈ JadTf ξ . Since f−((fS)ad∗Tf ξ ) is a ξ -cover of f−V, f−L > G,
so that adhξ f−L ⊂ adhξ G and f−V ∩ adhξ f−L = ∅. By AJ-quotientness of f , there
exists L ∈ L such that L /∈ F#, or equivalently, Lc ∈ F . Finally, Lc = ad∗Tf ξ f (Gc) =
ad∗Tf ξ (f (S1) ∪ · · · ∪ f (Sn)) for some S1, . . . , Sn in S , and the conclusion follows from
Lemma 11.5.
(4)⇒ (1) Let y ∈ limτ F and letH be a JadTf ξ -filter such that y /∈ clf ξ (adhf ξ H). There
exists V ∈Nf ξ (y) such that adhf ξ H ∩ V = ∅. Thus adhξ f−H ∩ f−V = ∅ and (f−H)c
is a ξ -J-cover of f−V . By (4), there exists H ∈H such that ad∗Tf ξ (f (f−H)c) ∈F . Since
H ⊂ (ad∗Tf ξ (f (f−H)c))c, the filtersH and F do not mesh. 2
The following theorem extends [6, Theorem 2] to general convergences, when J is the
class of all filters. It is an immediate consequence of Propositions 6.1, 6.2, and Theo-
rem 3.2.
Theorem 11.7. Let f : ξ→τ be a continuous surjection. The following are equivalent:
(1) f × Idϑ is quotient for each J-based convergence ϑ .
(2) f × Idϑ is quotient for each atomic J-based topology ϑ .
(3) f is an AJ-quotient map.
The following sequential variant of Theorem 11.1 seems to be of a quite new type.
Its novelty appears even in the context of regular topologies where core-contour(First)-
compactness amounts to local countable compactness (compare [25, Theorem 1.4]).
Theorem 11.8. If f : ξ→ τ is a continuous surjection and τ is a topology, then f × g is
quotient for each quotient map g with sequential domain if and only if f is Aω-quotient
and τ is core-contour(First)-compact.
Proof. Let g :ϑ→σ be quotient with sequential domain. If τ = Aω(f ξ) is core-
contour(First)-compact, then, by Corollary 9.4,
Aω(f ξ)× Tgϑ > T
(
Aω(f ξ)× gϑ
)= T (f ξ × gϑ),
because, by Theorem 3.3, gϑ is sequential whenever ϑ is sequential.
Conversely, if f × g is quotient for each quotient map g with sequential domain, then,
in particular, it is when g stands for the identity map of a first countable convergence ϑ .
Thus τ × T ϑ > T (f ξ ×ϑ), for each ϑ = Firstϑ so that, by Proposition 6.1, τ >Aω(f ξ).
On the other hand, by Proposition 9.6, Aω(f ξ) must be core-contour(First)-compact. 2
In particular, when f is the identity map of a topology ξ we get the following corollary
of Theorem 11.8.
Theorem 11.9. A topology ξ is core-contour(First)-compact if and only if the map Idξ ×f
is quotient for each quotient map f with sequential domain.
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If moreover ξ is T -regular, core-contour(First)-compactness amounts to local countable
compactness. Therefore Theorem 11.9 refines Theorem 0.1.
On the other hand, Theorem 7.1 can be applied like Theorem 9.1 in order to obtain
variants of the above results, which are also of a quite new type. For example, here are
variants of Theorems 11.1 and 11.8.
Theorem 11.10. Let f : ξ→ τ be a continuous map onto a AJ-convergence τ . Then f ×g
is quotient for each hereditarily quotient map g with PBaseJ-domain if and only if f is
AJ-quotient and τ is T -core-J-compact.
Proof. Let g :ϑ→σ be hereditarily quotient with PBaseJ domain. If τ = AJ(f ξ) is T -
core-J-compact, hence T -core-AJf ξ -J-compact, then, by Proposition 7.1,
AJ(f ξ)× Pgϑ > T
(
AJ(f ξ)× gϑ
)= T (f ξ × gϑ)
because, by Theorem 3.3, gϑ is PBaseJ whenever ϑ is PBaseJ .
Conversely, if f × g is quotient for each hereditarily quotient map g with PBaseJ-
domain, then it is in the particular case when g stands for the identity map of a BaseJ-
convergence ϑ . Thus τ × Pϑ > T (f ξ × ϑ) for each BaseJ-convergence ϑ so that, by
Proposition 6.1, τ > AJ(f ξ). On the other hand, by Theorem 7.1, AJ(f ξ) must be T -
core-J-compact. 2
In particular,
Corollary 11.11. Let f : ξ→ τ be a continuous surjection and let τ be a Aω-convergence.
Then f × g is quotient for each hereditarily quotient map g with Fréchet domain if and
only if f is Aω-quotient and τ is T -core-countably-compact.
When f is the identity map of ξ we get the following variant of Theorem 11.9.
Corollary 11.12. A convergence ξ is T -core-countably-compact if and only if Idξ ×f is
quotient for each hereditary quotient map f with Fréchet domain.
We apply Theorem 10.1 to the quotientness of product maps in an analogous way as we
have applied Theorem 9.1.
Proposition 11.13. The product of a biquotient map onto a SBaseJ-convergence with a
AdhJ-quotient map is AdhJ-quotient.
Observe that, because of Theorem 3.3, biquotient maps preserve SBaseJ-convergences.
Proof. If f : ξ0→ ξ1 is biquotient and g : τ0→ τ1 is countably biquotient, then ξ1 >
S(f ξ0) and τ1 >AdhJ(gτ0). Since Sf ξ0 > SBaseJf ξ0, we can apply Theorem 10.1 with
ξ0 and τ0 replaced by f ξ0 and gτ0 to the effect that
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Sf ξ0 ×AdhJgτ0 > SBaseJf ξ0 ×AdhJgτ0
>AdhJ(f ξ0 × gτ0)=AdhJ
(
(f × g)(ξ0 × τ0)
)
.
Thus ξ1 × τ1 >AdhJ((f × g)(ξ0 × τ0)) and f × g is AdhJ-quotient. 2
In particular, taking for J the class of countably based filters, Corollary 11.13 amounts
to the following result that generalizes [27, Proposition 4.3]:
Corollary 11.14. The product of a biquotient map onto a bisequential convergence with a
countably biquotient map is countably biquotient.
Proposition 11.15 [27, Proposition 4.4]. A continuous surjection is countably biquotient
if and only if its product with the identity map of the unit interval is hereditarily quotient.
Proof. f : ξ0 → ξ1 is countably biquotient if and only if ξ1 > Pωf ξ0. Applying Theo-
rem 10.2 with ξ = f ξ0, ϑ = ξ1 and τ = ν, we obtain the required result. 2
On the other hand, the commutation of the pseudotopologizer with arbitrary product
applies to product of biquotient maps (that is, S-maps in the sense of (3.1)).
Corollary 11.16 (Michael [25]). Every product of biquotient maps is biquotient. 17
Michael proves “under rather minimal hypotheses” [25, Theorem 1.5] (see also [17,
Theorem 3.3.28]) that the product of two quotient maps is quotient, provided that one of
the domains and the range of the product map are Hausdorff k-topologies. On recalling
that a Hausdorff topology ξ is a k-topology whenever ξ > TKhξ and Kh = Kcore, we
establish the following generalization and refinement (even for Hausdorff topologies) of
[25, Theorem 1.5].
Theorem 11.17. Let f0 : ξ0→ τ0, f1 : ξ1→τ1 be continuous surjections such that
Kcoreτ0 > TKcore(f0ξ0); (11.1)
Kcoreτ1 > T (f1ξ1); (11.2)
τ0 × τ1 > TKcore(τ0 × τ1). (11.3)
Then f0 × f1 is quotient.
Proof. As Kcore commutes with finite products, by (11.3), τ0 × τ1 > T (Kcoreτ0 ×
Kcoreτ1), hence by (11.1), τ0 × τ1 > T (T Kcore(f0ξ0) × Kcoreτ1), and since Kcoreτ1 is
obviously core-compact, the above is greater than T (Kcore(f0ξ0) × Kcoreτ1) by Theo-
rem 9.1. Therefore by (11.2), τ0× τ1 > T (Kcore(f0ξ0)×T (f1ξ1)), and thanks to the core-
compactness of Kcore(f0ξ0), by Theorem 9.1, the above is greater than T (Kcore(f0ξ0)×
f1ξ1) > T ((f0 × f1)(ξ0 × ξ1)), what proves the quotientness of f0 × f1. 2
17 Professor V.V. Uspenskii suggested to us in August 96 that the commutation of the pseudotopologizer with
every product implies Corollary 11.16.
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Condition (11.1) is akin to compact-covering (see [16, Proposition 5.3]); it is fulfilled
if f0 is quotient and if ξ0 > TKcoreξ0, because the former means that τ0 > T (f0ξ0),
and the latter implies that T (f0ξ0) > TKcore(f0ξ0). Condition (11.2) is weaker than the
quotientness of f1.
12. Preservation of JE-properties by products
Corollary 9.9 and Proposition 9.7 allow to refine the Boehme–Michael theorem
concerning the product of sequential topologies.
Theorem 12.1. A topology ξ is core-contour(First)-compact and Aω First if and only if
ξ × τ is sequential for each sequential convergence (equivalently, topology) τ .
Proof. Assume T ξ = ξ >Aω First ξ is core-contour(First)-compact hence, core-Aω First ξ -
contour(First)-compact. Then, Theorem 9.1 applies to the effect that
ξ × τ >Aω First ξ × T First τ > T First(ξ × τ ).
Consequently, ξ × τ is sequential. Conversely, assume that ξ × τ is sequential for each
sequential topology τ . Hence ξ × τ > T (First ξ × τ ) for each first countable topology τ so
that ξ > Aω First ξ by Proposition 6.1. Assume that ξ is not core-contour(First)-compact,
hence not core-Aω First ξ -contour(First)-compact. By Proposition 9.7, there exists τ =
FirstT τ for which ξ × T FirstT τ 6> T (First ξ × FirstT τ). As T τ is a sequential topology,
we conclude that ξ × T τ 6> T First(ξ × T τ). Consequently, ξ × T τ is not sequential. 2
To compare this result with the Boehme–Michael theorem, notice that if ξ is a T -regular
locally countably compact sequential convergence, then ξ is locally First ξ -countably-
compact, since countable compactness and sequential compactness coincide in sequential
convergences. By Corollary 9.5 for each sequential convergence τ ,
ξ × T First τ > T (First ξ × First τ )= T First(ξ × τ ),
that is, ξ × τ is sequential. This extends the Boehme theorem to arbitrary convergences.
Consequently, by Proposition 6.1, a T -regular locally countably compact sequential
convergence ξ is Aω First.
Analogously, the following should be compared with the Boehme–Michael theorem and
with Theorem 12.1.
Theorem 12.2. The product ξ ×τ is sequential for each Fréchet convergence τ if and only
if ξ is a T -core-countably-compactAω First-convergence.
Proof. Because of Proposition 6.1, if the product of a convergence ξ with each Fréchet
convergence is sequential, then ξ > Aω First ξ . On the other hand, if ξ is not T -core-
Aω First ξ -countably-compact, by Proposition 7.2, there exists an atomic convergence τ0 =
FirstPτ0 for which ξ ×Pτ0  T (First ξ × τ0)= T First(ξ ×Pτ0). Hence Pτ0 is a Fréchet
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convergence which product with ξ is not sequential. Conversely, if ξ > Aω First ξ is T -
core-countably compact, Proposition 7.1 applies to the effect that ξ × τ > ξ × P First τ >
T (First ξ × First τ ) for each τ > P First τ . 2
Theorem 12.3 is actually true for general convergences, and is a special case of Theo-
rem 10.1.
Theorem 12.3 [27, Proposition 4.D.4]. The product of a bisequential topology with a
strongly Fréchet topology is a strongly Fréchet topology.
Proof. Recall that a convergence ξ is bisequential whenever ξ > S First ξ . To see that
Theorem 12.3 is a particular case of Theorem 10.1, let J be the class of countably based
filters, i.e., BaseJ = First and AdhJ = Pω . Thus if ξ > S First ξ and τ > Pω First τ , then
ξ × τ > S First ξ × Pω First τ > Pω(First ξ × First τ )= Pω First(ξ × τ ). 2
On the other hand, Theorem 10.2 implies
Proposition 12.4 [27, Proposition 4.D.5]. A convergence is strongly Fréchet if and only if
its product with the unit interval is Fréchet.
Therefore if the product of two convergences each containing a non trivial sequence is
Fréchet then they are necessarily both strongly Fréchet.
Recall that the coreflector FirstK on the class of convergences of pointwise countable
type is coarser than First. Hence and because a convergence τ is countably bi-k whenever
τ > Pω FirstK τ , the above application of Theorem 10.1 yields the following generalization
of [27, Proposition 4.E.3]:
Proposition 12.5. The product of a countably bi-k convergence by a bisequential
convergence is countably bi-k.
Proposition 12.6 [27, Proposition 4.E.4]. A convergence is countably bi-k if and only if its
product with the unit interval is singly bi-k.
As for Fréchet convergences, if the product of two singly bi-k convergences one of which
contains a non trivial sequence is singly bi-k, the other one is necessarily countably bi-k.
Commutativity of the pseudotopologizer S with products applies to SE-convergences.
For example, every product of locally compact convergences (i.e., SK-convergences) is a
locally compact convergence, every countable product of bisequential convergences (i.e.,
S First-convergences) is a bisequential convergence. An analogous result holds for bi-k-
convergences, i.e., S FirstK -convergences [8].
Kent and Richardson deduce from their product theorem [21, Proposition 4.1] the
following [17, Theorem 3.3.27] of Cohen: The product of a Hausdorff locally compact
convergence with a k-topology is a k-topology. Michael proved in [26, Theorem 3.1] the
converse of the Cohen theorem to the effect that a regular Hausdorff topology is locally
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compact if and only if its product with every k-topology is a k-topology. A topology ξ is
a k-topology if a subset A is ξ -closed whenever A∩K is closed in K for each ξ -compact
set K . This amounts to [21, Theorem 3.1]
ξ > TKξ. (12.1)
Formula (12.1) makes sense for arbitrary convergences (see [8]). As for Hausdorff
convergences,K =Kh, we have the following generalization
Theorem 12.7. A Hausdorff convergence ξ is locally compact if and only if ξ × τ is a
k-convergence for every k-convergence τ , equivalently for every compact topology τ . 18
Proof. If ξ is locally compact and Hausdorff then ξ is core-compact so that Theorem 9.1
applies to the effect that
ξ × τ > ξ × TKτ > T (Kξ ×Kτ)= TK(ξ × τ ).
Hence, ξ × τ is a k-convergence provided τ is a k-convergence.
Suppose that ξ × τ is a k-convergence for every k-topology τ . As the Kuratowski
convergence is always compact, $[Kξ ] is a compact topology by Theorem 9.1, because
Kξ is core-compact (ξ being Hausdorff). Consequently ξ × $[Kξ ] is a k-convergence,
that is,
ξ × $[Kξ ] > TK(ξ × $[Kξ ])= T (Kξ × $[Kξ ]).
It follows from Proposition 6.1 that ξ > AKξ . Since Kξ is Hausdorff, AKξ =
SKξ ; consequently ξ is locally compact (compact sets for a convergence and for its
pseudotopologization are the same). 2
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